We propose a novel, nonlinear theory about reading neuronal information using intracellular calcium concentrations, which includes the linear theory already developed in the literature as a special case. The theory is numerically confirmed using the PinskyRinzel and integrate-and-fire models with constant rate Poisson inputs. Applying the theory to models with non-constant inputs, we find that there is a time lag equal to the calcium buffering time constant between the instantaneous firing rate and the firing rate estimated using calcium concentrations. r
Introduction
Ca 2þ is a ubiquitous intracellular messenger, controlling many activities in neuronal systems, as has been amply demonstrated both in modelling and experiment work [see, for example, Jafri and Yang (2003) for a recent review]. For example, in LeMasson et al. (1993) , under the assumption that maximal conductances of ionic currents depend on the intracellular calcium concentration, the model considered there shows stable behaviour. Berridge (1998) proposed that the neuronal endoplasmic reticulum, served as a store of intracellular calcium, could manipulate a wide range of processes such as excitability, neurotransmitter release, plasticity, etc. In all the theory above, the essential assumption is that the electric activity of neurons can be read out by an observation of the intracellular calcium activity, and vice versa.
In recent years, a linear theory which asserts that the efferent firing rate of neuron is a linear function of intracellular calcium concentration has been developed in models (Wang, 1998) , in theory (Ermentrout, 1998) and in experiments (Helmchen et al., 1996) . In particular, in Ermentrout (1998) , it is shown that the linear relationship between firing rate and input occurs because of the negative feedback in neuronal models. The linear relationship between efferent firing rate and calcium concentration is the simplest way to read out the information which is routinely thought as being encoded in interspike intervals. In fact, from the time of Bernard (1878) , it has been assumed that physiological systems possess feedback and control mechanisms that serve to restore an equilibrium state when the system is perturbed away from some set point and therefore a linear theory is applicable.
However, in general it would be natural to expect that the relationship between calcium concentrations and neuronal activity is not linear, or indeed any system is inherently out-of-equilibrium, as been demonstrated in recent years developments in physics. In the present paper we develop such a nonlinear theory, which includes the linear theory as a special case. The nonlinear theory developed here gives us the exact relationship between the efferent firing rate and intracellular calcium concentrations. To confirm our theory, we modify the integrate-and-fire (IF) model by adding a calcium current, and consider the PinskyRinzel (PR) model with stochastic synaptic inputs.
Within a quite wide range of parameters, the theory fits well with numerical simulations. Using the theory, we then determine when neuronal information can be read out using calcium concentrations. To this end, the PR model with non-constant synaptic inputs is considered. Our results show that there is always a time lag between the true firing rate and the firing rate estimated using the intracellular calcium concentration, as demonstrated in Smith et al. (2001) with deterministic inputs.
Models

Calcium dynamics
Let ½Ca 2þ ¼ ½Ca 2þ ðtÞ be the intracellular calcium concentration at time t: For the simplicity of notation we model calcium buffering as a linear decay with a time constant t Ca (buffering time constant)
where V is membrane potential of the IF neuron, a > 0; x > 0; Z > 0 are all positive constants, g Ca is the maximum conductance, and V Ca is the reversal potential of calcium channels in the IF model. For the Pinsky-Rinzel (PR) model, as in Pinsky and Rinzel (1994) , we use the following calcium dynamics for the dendritic compartment:
where V is the dendritic compartment membrane potential s N ¼ a=ða þ bÞ; t ¼ 1=ða þ bÞ with a ¼ 1:6 1 þ expðÀ0:072ðV À 65ÞÞ ; b ¼ 0:02ðV À 51:1Þ expððV À 51:1Þ=5Þ À 1 and E Ca is the reversal potential of calcium channels in the PR model.
The IF model
Suppose that a neuron receives N E excitatory inputs each following a Poisson process of density l E ; and N I inhibitory inputs which are Poisson process of density l I : Let a; b be EPSP and IPSP sizes. We first consider the following integrate-and-fire model without reversal potentials.
where I Ca is defined as in the previous section, V rest is the resting potential, and I syn ¼ mt þ sB t with B t as the standard Brownian motion and (Brown et al., 1999; Feng, 1997) and references therein. For a further comparison we also consider the following integrate-and-fire model with reversal potentials
where I Ca is defined as in the previous section, V rest is the resting potential, and
When V crosses the threshold V th from below, a spike is generated and V is reset to V rest : Parameters are g Ca ¼ 0:1; 0:05; a ¼ 0:01 mV; b ¼ 0:1 mV; N E ¼ N I ¼ 100; l E ¼ 100 Hz; l I ¼ 0; 10; 20; y; 100 Hz; V rest ¼ À50 mV; V th ¼À30 mV; V E ¼ 50 mV; V I ¼À60 mV: For constant rate inputs the interspike interval (ISI) T of the IF model is defined by
ð2:6Þ
PR model
All parameters of the PR model are identical to those used in Pinsky and Rinzel (1994) with E Ca ¼ 140 mV except that a and t Ca are the same as in Wang (1998); Helmchen et al. (1996) , which is measured in recent experiments (see below).
where I s ¼ 0:75 mA=cm 2 : Note that the PR model is a two-compartment model, with a somatic compartment and a dendritic compartment, which is a simplification of a more complex pyramidal cell model (Pinsky and Rinzel, 1994) . Depending on p; the ratio between somatic area with respect to the whole cell membrane area, the model can exhibit bursting and single spike activity (Feng and Li, 2001 ).
Synaptic input is I syn as defined above. Numerical simulations were carried out on Dec Alpha workstations using the NAG numerical library. In particular the PR model is solved using a Runge-Kutta method with variable stepsize.
ISI and calcium concentration
Preliminary results
Suppose that the neuron fires at times 0
According to the Law of Large Numbers we have that T i =i-/TS when i-N; where T is the interspike interval. The right-hand side of the equation above thus becomes
Taking expectation on both sides of the equation above and using /Ca 2þ S for its mean, we obtain is small, we obtain
a linear relationship between calcium concentration and firing frequency F L provided that C is independent of /Ca 2þ S [see Fig. 1 , on page 1551 of Wang (1998) ]. Note that the Law of Large Numbers is true not only for the i.i.d case, but also for the stationary case. Hence all conclusions above are also valid for interspike intervals with correlations, which is the case for some biophysical models and experimental data. Now we have three quantities /TS L ; /TS e and /TS: What is the relationship between them? It is easily seen that /TS L X/TS e since xXlogð1 þ xÞ for xX0: Under the condition that interspike intervals are independent, Eq. (3.1) is
since expðxÞ is a convex function. We thus obtain the following conclusion:
/TS L X/TS e X/TS: ð3:8Þ
The linear estimate /TS L is an upper bound of the true value and nonlinear estimate /TS e : The nonlinear estimate is again an upper bound of the true value, but it gives a better estimate than the linear one.
Numerical results of /TS L ; /TS e ; and /TS of the IF model without reversal potentials are shown in Fig. 1 , upper panel. It is readily seen that both /TS L and /TS e give a reasonable estimate of /TS when the inputs are away from exact balance (l I p90 Hz). However a discrepancy is observed when exactly balanced inputs are presented (l I ¼ 100 Hz). The relationship /TS L X/TS e X/TS is true. Fig. 1 , bottom panel shows numerical results of /TS L ; /TS e ; and /TS of the IF model with reversal potentials. As in the case of the IF model without reversal potentials, /TS L ; /TS e ; and /TS agree well with each other when the inputs are away from exact balance. Furthermore we have the relationship /TS L X/TS e X/TS:
In Fig. 2 , upper panel the numerical results for /TS L ; /TS e ; and /TS of the PR model without reversal potentials are given. As in the case of the IF model, /TS L ; /TS e ; and /TS agree well with each other when inputs are away from exact balance. When p ¼ 0:5; i.e. somatic area is equal to dendritic area, mean firing time of somatic and dendritic compartments are almost identical. Increasing the somatic area will ensure the two compartments fire at identical times. What then is the effect of reducing p? Fig. 2 , bottom panel shows the numerical results. It is interesting to note that the discrepancy in firing rate between somatic and dendritic compartments increases, compared to pX0:5: However, dendritic calcium can predict somatic activity and the prediction is still very good.
Linear response theory
As we have pointed out, when C defined in Eq. (3.3) is a constant independent of /Ca 2þ S; a linear relationship between the output frequency and the calcium concentration is obtained, as reported in Wang (1998) , Ermentrout (1998) . Now we check that whether the linear relationship is true, and if it is not, we investigate how to generalize it. The simplest generalization involves the application of the linear response theory to estimate the constant C: By this we mean that C is a linear function of the calcium concentration, i.e.
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Eq. (3.5) now becomes
To check our theory above, we fit simulated data with Eq. (4.2) for all figures presented in the previous section (Figs. 1 and 2) . It is easily seen that % C 2 is not negligible in all figures (Figs. 3 and 4) and therefore the linear relationship between the firing rate and calcium concentrations is not true. Finally we emphasize that the linear response theory is applied to the constant C; rather than the relationship between the firing frequency and calcium concentration, which is not linear provided that % C 1 a0 and % C 2 a0: We could of course expand C into further order of Ca 2þ and improve the estimation.
Nonconstant inputs
In the previous sections, we have presented a nonlinear theory to predict the firing rate from calcium concentrations. However, we confine ourselves to the case of constant rate input, which is of purely theoretical interest. In this section, we turn to a more realistic case: the PR model subjected to non-constant rate inputs. More exactly we assume that l E ðtÞ ¼ 100 Hz; Note that the parameter set we use here is very different from the one we used in the previous section for estimating the relationship between firing rate and calcium concentration, Fig. 4. From Fig. 5 , upper panel we see that there is a delay for the firing rate estimated in terms of the calcium concentrations. After shifting it to the left with a time of 80 ms; it agrees reasonably well with the firing rate calculated directly from the spike train. A time lag, which is proportional to the calcium time constant t Ca ; occurs. We also simulate the PR model with t Ca ¼ 40 ms (Fig. 5, bottom panel) and t Ca ¼ 1 ms (not shown). For the case t Ca ¼ 40 ms; a time lag of 40 ms is observable between data and estimated data, but not for t Ca ¼ 1 ms: Therefore, we conclude that to read out neuronal information using calcium concentrations depends on the buffering time constant, at least for the models we consider here. 
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Discussion
We have investigated the behaviour of the calcium concentration in two different simple spiking models: an integrate-and-fire model with added calcium current and the Pinsky-Rinzel model, when driven by Poisson synaptic inputs, both homogeneous and inhomogeneous. The estimation of the firing rate from the calcium concentration is developed, and demonstrated across a range of ratios of the inhibitory:excitatory input. Using inhomogeneous (sinusoidal) rates of input, it is shown by numerical simulations that the estimator produces a delayed version of the actual firing rate, with a delay proportional to the time constant for clearing calcium.
Our results indicate that an on-line reading of the firing rate is impossible. In fact, any reading out of neuronal information has to involve a physical process, with an associated delay. It is like showing that it is impossible to read out synaptic current on-line because there is a lag involved in charging up the membrane capacitance. What is interesting about the delay is not that it exists, but how big it is, how it depends on the parameters, and perhaps also how one might construct a better predictive estimator of the firing rate to deal with this.
There are many other interesting issues which need to be further explored. For example, whether we can predict higher order statistics of interspike intervals using calcium concentration. Furthermore, we here 
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